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Geometrically Nonlinear Shell Element
for Hygrothermorheologically Simple
Linear Viscoelastic Composites

Daniel C. Hammerand* and Rakesh K. Kapania®
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

A triangular flat shell element for large deformation analysis of linear viscoelastic laminated composites is
presented. Hygrothermorheologically simple materials are considered for which a change in the hygrothermal en-
vironment results in a horizontal shifting of the relaxation moduli curves on a log timescale, in addition to the usual
hygrothermal loads. Recurrence relations are developed and implemented for the evaluation of the viscoelastic
memory loads. The nonlinear deformation process is computed using an incremental/iterative approach with the
Newton-Raphsonmethod used to find the incremental displacementsin each time step. The presented numerical ex-
amples consider the large deformationand stability of linear viscoelastic structures under deformation-independent
mechanical loads, deformation-dependent pressure loads, and thermal loads. Unlike elastic structures that have a
single critical load value associated with a given snapping or buckling instability phenomenon, viscoelastic struc-
tures will usually exhibit a particular instability for a range of applied loads over a range of critical times. Both
creep buckling and snap through examples are presented here. In some cases, viscoelastic results are also obtained
using the quasi-elastic method in which load-history effects are ignored, and time-varying viscoelastic properties
are simply used in a series of elastic problems. The presented numerical examples demonstrate the capability and

accuracy of the formulation.

Introduction

N recent years, the use of composite materials has grown in pop-

ularity, because their response characteristics can be tailored to
meet specific design requirements, while allowing structural com-
ponents to remain lightweight. Usually, composite structures are
analyzed using a linear elastic material law. However, a linear elas-
tic analysis may give inaccurateresults for fiber-reinforcedpolymer
matrix composites because it is well known that polymers are vis-
coelastic in nature.! Furthermore, the viscoelasticresponse of poly-
mers is affected by environmental conditions, such as temperature
and moisture >3

Of the various techniques available to a structural analyst, per-
haps the most usefulis that of finite element analysis, due to its wide
applicability to complex problems, the wide availability of commer-
cial codes, and the low cost of computationalresourcesat the present
time. Even in the beginning of its growth in popularity, the finite ele-
ment method was appliedin analyzing viscoelasticstructures.*> The
finite element method continues to be used regularly for the small-
deformation response of isotropic and laminated linear viscoelastic
structures 57!¢ For the regime of geometrically nonlinear response,
most finite element research has been performed for the isotropic
viscoelastic case,!”"? whereas little work has been reported for
the case of viscoelastic laminated composites 2*~?” However, addi-
tional research has been conducted on the large-deformation and
stability analysis of viscoelastic composites using more traditional
approaches 2~

To determine the large deformations of structures using the finite
element method, an incremental approach typically is used. Of-
ten, the second Piola-Kirchhoff (PK2) stress tensor is employed in
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conjunction with the nonlinear Green-Saint-Venant strain tensor in
the description of the material behavior. Any known configuration
can be used as the reference configuration for these tensors, which
leads to two alternative methods. In the total Lagrangian method,
the original configuration is chosen as the reference state, whereas
in the updated Lagrangian method, the reference state is updated
throughout the deformation process. As noted by Bathe,*® the two
approachesgive identicalresults, provided that the constitutive laws
used in each are equivalent.

Yang and Lianis!’ applied an incremental midpoint-tangent ap-
proachto study the quasi-staticlarge-deflectionbehaviorofisotropic
linear viscoelastic beams and frames. In their finite element ap-
proach, linear strain-displacement relations were used in each in-
crement, with the nodal coordinates updated at the end of each
increment to account for the effects of geometric nonlinearity.

Key!'® developeda finite element method for the large-deflection
dynamic analysisof axisymmetric solids. A linear relation was used
between the PK2 stresses and the nonlinear Green-Saint- Venant
strain histories, thereby restricting the accuracy of the formulation
in most cases to large deflections/rotations but small strains.

Shen et al.'” used a total Lagrangian approachin formulating a fi-
nite element code for the geometrically nonlineardynamic response
of axisymmetric and three-dimensionalisotropic linear viscoelastic
solids. The constant average acceleration method of the Newmark
family was used in representing both the acceleration appearing in
the inertia term and the time derivative of the strain occurring in the
hereditary integral of the constitutive law.

Shen et al.? presented both a total Lagrangian and updated La-
grangian approach for the three-dimensionalfinite element analysis
of isotropic viscoelastic solids. The material law was written for a
total Lagrangian description. The resulting recursion relations de-
rived for updating the stresses could be used directly in the total
Lagrangian approach presented. However, to use these recursionre-
lationsin their updated Lagrangianapproach,the recursionrelations
had to be transformed using the deformation gradient tensor from
the original reference state to the current reference state. As will be
shown in the present formulation, this additional complexity in the
updated Lagrangian formulation can be avoided by judicious choice
of the reference states used in developing recursion relations from
the material law.

Roy and Reddy?! analyzed the geometrically nonlinear deforma-
tions of adhesive joints using an updated Lagrangian finite element
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formulation. The adhesive was modeled as nonlinear viscoelastic
using a constitutive law proposed by Schapery.’

Jenkins and Leonard® extended the method of White* to the
case of geometrically nonlinear deformations to study the dynamic
in-plane and transverse deformations of viscoelastic membranes.
The numerical approximation of the viscoelastic material law was
incorporated directly into the incremental finite element equations,
which were cast in a total Lagrangian form.

Faria et al.>* computed the rolling resistance moment of a steadily
rolling viscoelastic cylinder using the finite element method. The
finite-strain viscoelastic material law was based on the use of an in-
ternal state variable tensor. The history of this tensor was governed
by a linear differential equation incorporating a single relaxation
time. Because the formulation concerned only steady-state defor-
mations, the resulting stress and strain histories for particles in a
common band were known in terms of their respective circumfer-
ential distributions.Faria et al.”® also studied the large deformations
of a standard passenger tire. Those analyses involved the use of
anisotropic layered shells, but whether an elastic or viscoelastic
constitutivelaw was used was not explicitly stated, nor was it clear
from the results presented.

In a three-part series of papers, Padovan?* Kennedy and
Padovan,® and Nakajima and Padovan?® used the finite element
method to analyze the large deformations of viscoelasticrings, tori,
and tires underexternalloads, contact, and friction. The viscoelastic
constitutivebehaviorwas expressedusing fractionalderivatives.The
internal laminations present in tires were handled via Halpin-Tsai
correlations (see Ref. 38). The Galilean transformation technique
was used in developing a moving/rolling element method in which
the material derivatives appearing in the rolling equations of mo-
tion are expressed as a local time derivative plus a purely spatial
derivative. Steady-state deformations were analyzed using a hierar-
chically constrained Newton-Rapshon technique, whereas transient
responses were determined using the Newmark method.

Marques and Creus?’ extended the linearelastic, total Lagrangian
finite element formulation of Bathe®® to include the effects of
anisotropic hygrothermorheologially simple linear viscoelasticity.
Inthe total Lagrangianformulationof Bathe,*® the nonlineartermsin
the principle of virtual work resulting from the product of the incre-
mental PK?2 stresses and the virtual nonlinear Green-Saint- Venant
strains is linearized as follows. The virtual work of the incremental
PK2 stressesis taken as the productof the incremental PK2 stresses
and the virtual small-straintensor. Also, the constitutiveequation for
the incremental PK2 stresses is linearized such that the incremental
PK2 stress tensordepends only on the terms in the incremental strain
tensor that are linear in the incremental displacements. The small-
and large-deflection behavior of laminated graphite-epoxy plates
and shells was studied. For a viscoelastic shell cap under a central
point force that was applied as a creep load, that is, the load was
applied suddenly and then held constant, the critical elapsed time to
snap through was found to increaseas the load magnitude decreased.

Using a quasi-elastic approach, Wilson and Vinson studied the
linear viscoelastic buckling of laminated plates®® and columns.? In
the quasi-elastic method,* the current viscoelastic response is de-
termined by simply using the viscoelastic properties corresponding
to an elapsed time equal to the current time in an elastic analysis.
Using the quasi-elastic method allowed the determination of the
time variation of the viscoelastic buckling curve for creep loading
by the solution of a series of elastic eigenvalue analyses. This vis-
coelastic buckling curve gives the magnitude of the creep loading
appliedat# =0 necessary to cause bucklingat a giventime 7. Hence,
using the quasi-elastic method simplified the viscoelastic buckling
problem considerably for situations where a similar elastic structure
would undergo bifurcation buckling with no prebuckling deforma-
tion because viscoelastic stability was determined using eigenvalue
analysis of geometrically perfect elastic structures. For the analysis
of such problems using a full viscoelasticapproach, it would be nec-
essary to examine if an initial deflection (caused by an imperfection
in the structure or its loading) grows large under a given loading.
For both plates and columns, the viscoelastic stability curve was
observed to decrease significantly (15% or more) as time evolved.
The more prominent the matrix’s role in the structural response, the

more pronounced was the decay in the viscoelastic buckling load
because the fibers were taken to be elastic, whereas the matrix was
treated as viscoelastic.

Using the quasi-elastic method, Vinogradov*® studied the vis-
coelastic buckling of asymmetric laminated beam columns com-
posed of two layers of isotropiclinear viscoelasticmaterialsbonded
together. A safe load limit that depended only on long-term creep
compliance values and geometric parameters was determined. It
appeared that the buckling characteristics could be enhanced by
tailoring the laminate composition.

Kim and Hong?! studied the viscoelastic buckling of sandwich
plates with cross-ply faces using the quasi-elastic approach. The
core was assumed to be elastic, whereas both the adhesive and the
surface plates were taken to be linear viscoelastic. The in-plane
viscoelastic buckling load varied with the face stacking sequence,
adhesive strength, plate aspect ratio, and biaxial load ratio.

Huang studied the linear viscoelasticresponse of imperfect com-
posite plates®* and cylindrical panels®® under in-plane compressive
loads. The Laplace transform of the compatibility equation was
used to determine the viscoelastic stress function. The transverse
deflection was found by applying Galerkin’s method to the moment
equation. Using a similar approach, quasi-elastic estimates for the
viscoelasticdeformationwere alsodetermined. The edge loads were
applied as creep loads at =0 in each case considered. However,
because the internal moments depended on the edge loads and the
transverse deflections, the internal loading was time dependent. The
time history of viscoelasticdeflection for both plates and cylindrical
panels was shown to be sensitive to the size of the initial imperfec-
tion. For various combinations of loading and initial imperfection
magnitudes, viscoelastic buckling occurred in the plates, whereas
viscoelasticsnap throughresulted for some of the cylindrical panels.
Althoughthe accuracy of the quasi-elasticmethod was acceptablein
some cases, in general, it overestimated the growth of the viscoelas-
tic deflections and underestimated the critical times for buckling or
snapping. These trends resulted because the quasi-elastic method
finds the current viscoelastic deflection by considering the internal
load history to be the current internal loads applied as creep loads
atr =0.

Touati and Cederbaum™ used Schapery’s nonlinear viscoelastic
material law®” in studying the postbuckling response of laminated
plates with initial imperfections. The nonlinear equilibrium equa-
tions were solved by first transforming them into a system of first-
order nonlineardifferentialequations, which were then solved using
Galerkin’s method in conjunction with a higher-order Runge-Kutta
method.

Shalev and Aboudi*® used higher-ordershear deformation theory
to study the postbucklingresponse of symmetric cross-plylaminated
plates. Only creep loads large enough to cause instantaneous buck-
ling of the viscoelastic plates were applied. The linear viscoelastic
solution was developed using the correspondenceprinciple® to find
the solution in the Laplace domain. Numerical inversion was used
to determine the time-domain solution.

The geometrically nonlinear formulation of a triangular flat shell
element for linear elastic laminated composite structures*! is ex-
tended here to model hygrothermorheologially simple linear vis-
coelastic composites. In addition to the derivation of the internal
force vectorand tangentstiffnessmatrix, details of the iterative tech-
nique are also given. Deformation-independent mechanical loads,
deformation-dependent pressure loads, and hygrothermal loads can
be applied simultaneously. Numerical examples are presented to
validate the formulation and to examine the large-deformation re-
sponse and stability of viscoelastic structures.

Triangular Flat Shell Element Overview

Flat shell elements are obtained as the superposition of a mem-
brane and a bending element. The shell behavior (geometric cou-
pling of membrane and bendingbehaviors) results between elements
from transforming the element stiffness matrices and load vectors
to a single global coordinate system. The present flat shell element
combines the discrete-Kirchhoff theory (DKT) plate bending ele-
ment (see Ref. 42) with a membrane elementhaving the same nodal
degrees of freedom (DOF) as the Allman triangle (AT).*
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The DKT plate bending element begins with shape functions for
the rotations of the normal to the undeformed midsurface. The as-
sumption of thin structures is incorporated in two ways. First, the
transverse shear energy is neglected so that the strain energy is
only that resulting from bending. Second, the Kirchhoff hypothesis
that the transverse shear is zero is applied along the edges of the
element.

Following Ertas et al.,** the transformation suggested by Cook*’
is used to transform the well-known linear strain triangle (LST) ele-
ment into a membrane element having two in-plane translational
DOF and one drilling DOF at each node. The in-plane strain-
displacementrelations are derived as follows. The LST shape func-
tions are used to derive the strain-displacement relations in terms
of the DOF of the LST element. The resulting relations are then
expressed in terms of the DOF of the AT by mapping the two in-
plane translational DOF at the midside nodes of the LST element
into in-plane translational and drilling DOF at the corner nodes.*!*46

Altogether, the triangular flat shell element has three translations
andthreerotationsateach cornernode fora total of 18 DOF. The geo-
metrically nonlinearformulationof this element for the linearelastic
case was presented by Mohan and Kapania,*! whereas the geomet-
rically linear formulation of this element for the thermoviscoelastic
case was presented by Hammerand and Kapania.'® Henceforth, the
geometrically nonlinear, linear elastic element will be referred to
as Allman triangle, discrete Kirchhoff theory triangle, nonlinear
(ATDKT-NL), whereas the present linear viscoelastic extension to
this element will be termed TVATDKT-NL.

Newton-Raphson Method

Throughout this work, left-hand superscripts will be used to de-
note the configurationin which a quantity occurs, whereas left-hand
subscriptswill be used to denote the configurationin which the quan-
tity is measured. For instance, the global internal force vector { Fiy },
occurringattime t” butmeasuredin the configurationcorresponding
to time 7~ ! is denoted as {,- Ve

Assuming that the equilibriumstate at time #” ~ ! is known, the in-
cremental equationsneeded for the determinationof the equilibrium
state at time t” are developedusing the Newton-Raphsonmethod. In
the present formulation, the only external load that is taken to be de-
formation dependent is the pressure load {Fp }. Hence, {AU®* D},
the change in the incremental displacements {U } from iteration (n)
to iteration (n + 1), is obtained by solving

[k -k {ave ) ={, TRa(fu”}))

~ {1 Ea({U])) (1)

where [K7] is the global tangent stiffness matrix given by

o{Find}
Kr] = —— 2
(K7l == 7 2)
and [K p] is the global pressure stiffness matrix given by
3{Fr)
Kp] = 3
[Kpl == ) 3)

and {F,,} is the global external load vector considering all applied
loads. The derivation of the deformation-dependert pressure load
{F,}and pressure stiffness matrix [ K, ] is presented in Ref. 47. Be-
cause neither { F, } nor [K,,] involves material properties, no modi-
fications are necessary to use these quantities when modeling linear
viscoelasticcompositestructures. Quantitiescorrespondingto [K 7 ],
[Kp], {U}, {F.y}, and {F,, } for an element will be denoted with the
corresponding lowercase letters.

Derivation of the Internal Force Vector

The internal force vector { fi, } for an element is derived from the
following expression for the internal virtual work 6W,,:

Wi = (0w} {,_1 fin}

B /Al’-l / {5p—p€}T{p—fS}dsz”“ 4)

Zmin

Global XYZ
z

Fig. 1 Deformation of a triangular flat shell element from time 7~ !
to time #7.

where {_ e} is the vector of total Green-Saint-Venant strains,
{,- S} 1s the vector of PK2 stresses, A” ~ ! refers to the area of the
elementat time 7~ !, and 7 is the local through-the-thickness coor-
dinate. Note that {p _ f €}and {p _ f S} canbe expressedin component
form for any defined coordinate system. In the present formulation
for each element, they are expressed in a local coordinate system
defined by the element geometry at time 7” ~!. The reason for this
choice will become clear later in the formulation. At any given time,
an element has the following local coordinate system: The local x
axis is aligned with side 1-2 of the element, the local y axis lies in
the plane of the element, and the local z axis points in the direction
of the normal to the element. An element undergoing deformation
from t” ~! to #” is shown in Fig. 1. The local coordinate systems for
the element at times 77~ ! and 7 are also indicated.

Assuming thin shells undergoingmoderate incrementalrotations,
the total Green-Saint-Venant strains are written as

{,_re} ={, _te} +2{,_1x] 5)

where {p _ f e}and {p _ f K}, respectively,denote the total midsurface
in-plane strains and bending curvatures. The variation in the vector
of Green-Saint-Venant strains is then

(6, e = {5, te] +2{, 0] ©

The incremental midplane strains {A e} and bending curvatures
{Ap _7i} are given in terms of the incremental deformations as

{a, Tef={, Te} = {071}
u,+1/2 (u + v?x + wi)
= vy +1/2 (u + vyzy + wi,) (7

u, +v, + U U, + ViV + W W,

{Ap—fK} = {p—fK} -

p
p

-1
-1
2
X
2

5Y

y

{g:i’(} = {ﬂx,x ﬂy,y (ﬂx,y + ﬂy,x)}T
®)

where u, v, and w are the incremental midplane translations; 8, and
B, are the incremental rotations of the midplane normal about the
positive local y and negative x axes, respectively;and subscripts x
and _y, respectively,denote 0(-)/ 0x and 0(-)/dy.

In terms of the incremental nodal displacements, the spatial

derivativesof the incremental displacementsfor an element are writ-
ten as*!

{u,x u,y V,x V,y W,x W,y }T = [GZJ{M} (9)

The incremental in-plane strains are then easily determined using
Eq. (7). The incremental bending curvatures are written in terms of
the incremental nodal displacements as*!

{A,_Vx} = [Bokrl{u) (10)
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At a given location within an element, [G,] and [Bpkr] depend
only on the nodal coordinates of the element at the end of the last
fully converged time step. The variations of the in-plane strains and
bending curvatures can be written in terms of the variations of the
incremental nodal displacements as

{6,-7e} =[G ({uD][G,]{5u) an
{6, 1x} =[Bokrl{ou) (12)

where [G,] is given by

1+ u, 0 V.x 0 w, 0
[Gil=|0 uy 0 l+v, 0 w,
u,y I+u, 1+v, Vx Wy W,

(13)

The current force resultant {, _ PN} and force-couple resultant
{,_ 1M} are defined as

o= [ s a4

Zmin

{p_”M}:/mxz{p_”S}dz (15)

Zmin

Although {N } and {M} are here termed force resultant and force-
couple resultant, respectively, note that {N} and {M} have little
physical meaning because they are based on integrating PK2 pseu-
dostresses through the thickness.

Using Egs. (4), (6), (11), (12), (14), and (15), the internal force
vector for an element is determined to be

{1 ) =/A (G167 {, I N}

+[Bokrl"{,_tM})dar (16)

Derivation of Force and Force-Couple Resultants

The current PK2 stresses are written in the following incremental
form:

18y ={0os)+{a,-15) a7

Note that {ﬁ - : S}is actually a vector of Cauchy stresses. Obviously,
after an incrementhas been converged, it will be necessary to trans-
form the PK2 stress {,_ 7S} into the Cauchy stress {5 S} to be used
for the next increment. This transformation is performed using the
deformation gradient tensor.*® However, for the case of small incre-
mental strains, it can be shown that the current PK2 stress ({p B fS})
expressed in the local coordinate system corresponding to the el-
ement at time #”~! is approximately equal to the current Cauchy
stress ({5 S}) expressedin the local coordinate system corresponding
to the elementat time ¢” (Ref. 48). This approximationwas success-
fully employed by Mohan and Kapania*' and will be used here also.
For the class of materials that are called hygrothermorheolog-
ically simple, changing the temperature and/or moisture results
in a simple horizontal shifting of the relaxation moduli on a log
timescale. For such materials in the one-dimensionalisotropic case,
the relaxationmodulus E at the physicaltemperature T, moisture H,
and time 7 can be related to the relaxation modulus at the reference
temperature 7., reference moisture H,¢, and reduced time & by

E(T, H,1) = E(Ter, Heer, ©) (18)

where the reduced time and physical time are related by the hori-
zontal shift factor Ay as follows:

‘= / B (19)
)y ArulT@), H(t)]

For the case of a hygrothermorheologrally simple, linear vis-
coelastic composite material, the stress and strain are related as
follows:

o o €
{,_1s} =/0 [0 =] {”a—r‘}dr (20)

3, €

{»-1s} =/0 (0! —C/)]{T}dr @21

where [Q(?)] is the matrix of relaxation moduli and {, &) rep-
resents the vector of total mechanical strains up to time 7. These
mechanical strains are given in terms of the corresponding total
strains as

{p—TIE} = {p—fle} —0;{a} - 9171{5}
={,fie}+2{, 5k} -0l - 03B} (22

where 0, and 0}, are the deviation of the temperature and moisture
from the thermal and hygroscopicstrain-freestates attime 7, respec-
tively, and {o} and {3} are the transformed coefficients of thermal
and hygroscopic expansion, respectively. Both the temperature and
moisture are assumed to be uniform through the thickness of the
laminate, whereas the coefficients of thermal and hygroscopic ex-
pansiondependon the fiberorientationof the layer being considered.
In Egs. (20) and (21), the reduced times ¢? and {7 ~! correspond
to 17 and t” ™!, respectively, and the reduced time &’ corresponds
to 7. Also note that in Egs. (20) and (21), the strains for all past
history are referred to the known configuration corresponding to
time 7 ~!. This choice will simplify the resulting expressions for
the incremental PK?2 stresses.

Each layer of the laminate is assumed to be orthotropic and made
of the same material so that four relaxation moduli (Q1, Q15, O,
and Q) describe the laminate material behavior. The following
contracted notation is used for the relaxation moduli:

Ql = Qll’ Q2 = QIZ’ Q3 = Q22’ Q4 = Q66 (23)

Each relaxation modulus is expressed in terms of a Prony series as
follows:

N,
0.(1 = Q7 +ZQ,peXp<— d ) forr =1,2,3,4 (24)

A
p=1 P

where the 4,, denote relaxation times governing the material re-
sponse characteristics. Each reduced stiffness is allowed to have its
own reduced timescale denoted by &, to model the possibility that it
may be affected differently by the hygrothermal environment. The
matrix of relaxation moduli in the material law can then be written
as

4
(0" = =) 0.(¢" - ¢)ID,]

r=1

4 Nr s
B [ )

r=1

where

o= /T dr
" J, AT, H(t)]
(26)

o= /d_
" Sy ALTG), HHY

Note that [D;] is the transformed reduced stiffness matrix for the
elastic case with Q; = 1 and the other three Q, equal to zero.
The current PK2 stresses are determined as

4 4 Ny
{p—pS} =Z Q:O[D’]{p—fe} + Zz{p—fv’/’} (27)

r=1 r=1p=1
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where

: Crp — Cr/ 0, 1€
{,,_erp} =/0 O, eXP<—T>[Dr]{%}dT (28)

Likewise, the PK2 stresses at the end of the last time increment are

4 4 Ny
S Yl V2R TGt I N YR At A8 B e

r=1 r=1p=1

Writing the expression for { _1 V,p} and evaluating the hereditary
integral over t” ~! to #” by approx1mat1ng {o,_ "€/ 9t} to be con-
stantover the time step, the followmgrecurrencerelat10n1s obtained
for {, V)

{1V} =espl-(a27 [ 221V, + S1.0,D{A, 7]
(30)

where S, is defined as

B 1 P Crp _ C/
§r o= — _2 >4 31
p AtP o eXp( lrp T ( )

For the case where A, is constant over a time step, S/, can be
evaluated exactly as’

i 1 AL
Sr = A—Cflm[l — exp(— P >i| (32)

Taylor et al.> demonstrated the importance of accurately evaluating
S, in controlling numerical error. Presumably, a sufficiently small
time step size will be used so that Eq. (32) represents an acceptable
approximationto Eq. (31) for a given variation in the hygrothermal
environment.

Using Egs. (27), (29), and (30), the incremental PK2 stresses
{A _VS}are given by

-
4

N'.
{a, 15y =>" [Q;” + ZS&Qm}[m{ApJ’e}
p=1

r=1

_Zz[l_exp< ag )}{ “v,) (33)

r=1p=1

The first term gives the incremental PK2 stresses resulting from
the current incremental strains, whereas the second term gives the
change in the PK2 stresses resulting from the relaxation over the
current time step of the stresses corresponding to the strains that
occurred up to the end of the previous time step.

The current force and force-couple resultants are determined by
using Eq. (33) in

ot o) = [ (gnis)+ fa, s e o

Using the decomposition of the mechanical Green-Saint-Venant
strains given by Eq. (22), the current force resultant is, thus,

SUES B[R CE S | [FI

r=1p=1

L-tvy =10

+[An|A, e} +[B"Y{A, Ik} - Z|:Q +ZS”)Q,{|
r=1
x (A0 {NT} + A6 {N/}) (35)
where

Lir; Br; bﬂ]:Z[Q +Z Q,p}m,; B: D, (36)

r=1

=
=
o
"

/m(l; z; 2)[D,]dz (37

Zmin

{V2IN,) = / {12V} dz (38)

Zmin

Zmax

[D; {a}dz (39)

) = |

Zmin

{NF} = /M[D,]{B}dz (40)

Zmin

Note that for the case where all Q,, are equal to zero,[A”; B”; D”]
reduce to the usual matrices [A; B; D] correspondingto an elastic
laminate with reduced stiffnesses QO - Q.

Likewise, the current force-coupleresultantis

{,.tm) =1 M}-;;[l‘e’q’( Cﬂ{ ol
+[B71{A,_re) + [Dr1{A, _I«)

%o+ S (aar) -

r=1

41
where
(ot = [ el e @
{m'} = / z‘mxz[D,]{a}dz (43)
(ury= [ apipra: (@)

Zmin

Hence, the current force and force-couple resultants are equal to
the summation of their previous values, some viscoelastic memory
loads, and terms corresponding to the current incremental strains.
The viscoelastic memory loads account for the relaxation over the
current time step of the force and force-couple resultants corre-
sponding to the strains that occurred up to the end of the previous
time step. The factor 87, that appears in the [A?; BP; D] matrices
and the hygrothermal terms accounts for the relaxat1on over the cur-
rent time step of the force and force-coupleresultantscorresponding
to the current incremental strains. Recall that the factor 8}, as de-
fined by Eq. (31) resulted from assuming the current incremental
strains to vary linearly over the current time step.

Based on Eq. (30), recursion relations are written for {p _’I’N,p}
and {, _{M,,} as follows:

{p_fN,p}=exp(—A§r”//lm){ o ’P}+SmQ'/’([A ]{ _fe}
+[B1{A,_{x) -
{p—erp}=eXP(_ACrp/’lm){£::Mm}+55)Q”’([B’]{Aﬂ-fe}
+[D,1{A

AO{NT} - Ao {N)) (45)

- sopwr) - aopur)) o

Derivation of the Tangent Stiffness Matrix
The elemental tangent stiffness matrix [k7 ] is determined by tak-
ing the variation of the elemental internal force vector and recog-
nizing that

of 7 fiur}

) {ou} = [kr]{ou} (47)

{5p—pfi“‘} =
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Based on Eq. (16), the variation in {p _ ffim} is
{6, 1 fu} = / 1 ([G.I'[G {8, _IN} + [Boke) {5, M}
AP-

+[G.]"[8G,1"{,_7N})dar (48)

The last term occurs because [G,] depends on the incremental dis-
placements. This term can be shown to be

N 0 0
[G.1"[8G,\ |, _IN} =[G.]" |0 N 0 |[Gal{su} (49)
0 0 N
where
Ny, TNy
wWi=|"", = (50)
p—lNV) p—lN)’
LN,
LN} =1,-1N 1)
p—fjvx)’

Recall that the temperature and moisture histories are taken to be
prescribed; the variationsin {, _ PN} and {, _"MY} are simply

{8, 1N} =[A"NG\1[G:1{6u} + [BY [ Bokrl{ou)  (52)
{8,_IM} =[B"1[G\G:]{ou} + [ D" ][ Borl{ou}  (53)

The elemental tangent stiffness matrix is finally determined as

[k7] =/ [G.1'[G 1T [AP 1[G 1[G,] + [G,1T[G 17 [B” ][ Bor)
AP=1

+ [BDKT]T[ép][Gl][Gz] + [BDKT]T[bp][BDKT]

N 0 0
+[G,]" |0 N 0 |[G,]] dAr~! (54)
0 0 N

Ifall Q,, =0, thenthe [A”; B?; DP]matricesare equalto the usual
[A; B; D] matrices and the tangent stiffness matrix reduces, as it
should, to the elastic case as presented by Mohan and Kapania*' For
the linear viscoelastic case, the [A?; B?; D?] matrices are used to
accountfor the relaxation over the currenttime step of the portion of
the internal force corresponding to the current incremental strains.

Because the tangent stiffness matrix from each element needs to
be calculated in each iteration (full Newton-Raphson method) or
every few iterations (modified Newton-Raphson method), incorpo-
rating a different set of reduced timescales for each element is not
overly cumbersome. Hence, each element is allowed to be at its own
temperature and moisture in the present formulation, which allows
structures with nonuniform, time-dependenthygrothermal fields to
be analyzed. For the case of nonuniform hygrothermal fields, an
element’s temperature and moisture will be approximated as the
average of its nodal values. Obviously, the mesh size needed for
convergence will depend on the the spatial distribution of the tem-
perature and moisture throughout the time period of interest.

Note that using a single temperature and moisture for each el-
ement at each discrete time considered is consistent with the use
of Eq. (22), which assumes that neither the temperature nor the
moisture varies through the thickness of the structure. To model
hygrothermal gradients in the thickness direction, the formulation
would have to be modified significantly to account for the variation
through the thickness of the reduced timescales. If the gradients
in the thickness direction are large enough, a single set of reduced
timescales for each layer may not be sufficient. For such cases, the
individual layers may be divided into sublayers with independent
reduced timescales.

Details of the Iterative Technique

The full Newton-Raphson method will be used such that the
change in the incremental displacements for iteration (n + 1) is de-
termined by solving Eq. (1). Before assembly, the elemental internal
force vector, tangent stiffness matrix, pressure load, and pressure
stiffness matrix are all transformed to the global coordinate system
using the standard transformationtechniques. All integrals over the
area of an element are evaluated using a three-point rule in area
coordinates*

For an element in the first iteration of a time step (n + 1 =1),
the viscoelastic memory and incremental hygrothermal loads are
applied so that the internal force vector{ , _ b flf:) }is computedusing

- -en( 42

r=1p=1

- Z |:Q + Z Q,p} (A02{NT} + A0L{N"}) (55)

r=1

[-we) =

[}

SUIED 3y o] [EEE =) (R

r=1p=1

- Z |:Q + Z Q,p} (aop{m"} + aop{m}) (s6)
r=1

Note that Eqs. (55) and (56) result from setting the incremental
displacements to zero in Egs. (35) and (41), respectively. To be
consistentin the evaluationof the tangentstiffness matrix for the first
iteration, the { N } correspondingto the geometrlc stiffness term [the
last term in Eq. (54)] is taken simply as {” N} In all subsequent
iterations(n + 1), the {/N }forthe geometrlc st1ffnesstermls takenas
{,_7N"}. The incremental displacements are updated as follows:

{U(n+l)}={U(n)}+{AU(n+l)} (57)

The elemental force and force-coupleresultants for (n + 1) >1 are
updated using

o) =) s, o)
+[Br){A, Ikt D] (58)
{p_l’M(n+l)}={p_fM(0)}+[ép]{A _fe(n+l)}
+[D"){A, kDY (59)
where {A | _{e”*V}and {A,_7x"* D}, respectively,are the total

incremental midplane in-plane strains and bending curvatures at
iteration (n + 1).
The solution will be considered to be converged when

[{aur" "], [{aur )],
[{o "} [{or "y

and/or

< tol, < tol (60)

{7} = {Fb ], < o (61)
where {U, } and {U, }refer to the translationand rotation components
of the incremental global displacement vector, respectively, and tol
is a suitable tolerance. Typically, the same tol is used in all three
convergence measures. After convergence has been met, {N,,} and
{M,, } are updated using Eqs. (45) and (46), respectively.

As previouslymentioned, the iterationsin a single time increment
are performed using a total Lagrangian approach with all integra-
tions carried out over the known configuration at t” ~ . Then after
the incremental displacements have been converged, the reference
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state is updated to the newly convergedquasi-staticequilibriumstate
at t” with the updated global coordinates for node i given by

X;(t7) X;(t? ™ u;
Y(¢r) ¢ =Y~ ¢+ 3V (62)
Zi(t?) Zi(tr~h) wi

Note that the TVATDKT-NL code can still be used for the static
analysis of elastic structuresunder proportionalloading by using ¢ as
the load proportionality factor. Because the TVATDKT-NL code is
intended primarily for the analysis of viscoelastic structures where
the load magnitudes are given as functions of the physical time ¢,
the TVATDKT-NL code only uses load control, meaning that t must
be increased from increment to increment. Hence, the TVATDKT-
NL code is unable to trace the entire load-deflection behavior of
elastic structures exhibiting snap through behavior. To accomplish
this, a special method, such as the Riks method® or the modified
Riks method (see Ref. 51), must be used. In both of these methods,
the load parameter is allowed to vary within each increment and
the additional equation needed to completely determine all of the
unknowns at each iteration comes from an imposed equality con-
straint. In Riks method,* the constraintis placed on the arc length
of the path followed in the load-deflection hyperspace, whereas in
the modified Riks method (see Ref. 51), the square of the L2 norm
of the incremental displacements s specified.

In general, finite rotations do not add vectorially(the final position
of a body subjected to finite rotations about arbitrary axes depends
on the order of the rotations).> Hence, in general, it is not accurate
just to add the incremental rotations together to determine the total
rotations, even though all of the rotations are represented in compo-
nent formin the same stationary global coordinatesystem. Although
techniquesexist for the parameterizationof large rotations,>~>* they
are not employed here because the total accumulated rotations are
not needed in the updated Lagrangian approach that is used from
increment to increment. However, because a total Lagrangian ap-
proach is used within each increment and the iterative changes in
the rotations are added vectorially, the present formulation is lim-
ited to moderate values of incremental rotations. This simplifies the
formulation somewhat, but at the cost of using more increments
in determining the large-rotation response of structures. Given the
wide availability of computationalresourcesat the presenttime, this
cost is not prohibitive.

Because no relevant terms have been neglected in the strain-
displacement relations for thin shells, the present formulation is
valid for thin shells undergoing small or large strains under the ac-
tion of the applied loads, provided that the use of the constitutive
law given in Eq. (20) is still valid and the incremental rotations
are moderately small. For thick shells, transverse shear may be im-
portant and may need to be included in the formulation. Note that
Eq. (20) corresponds to a linear relation between the PK2 stress
tensor and the history of the Green-Saint-Venant strain tensor. It
was found by Batra and Yu that such a relationshipmay give qual-
itatively incorrect predictions for isotropic solids undergoing finite
strains. Batra and Yu®® showed that a linear relationship between
the Cauchy stress tensor and the history of the relative Green-Saint-
Venant strain tensor provided results that qualitatively agreed with
experimental observations.

Numerical Examples

Several numerical examples are presented to demonstrate the ac-
curacy of the TVATDKT-NL formulation and to present some key
characteristicsof the geometrically nonlinear response of viscoelas-
tic structures. The first is a cantilever under a tip moment with two
different time variations. Next, a ring under nonuniform external
pressure is analyzed with the follower effects of the pressure load
taken into account. Then, the creep buckling of a column under
an axial load is examined. Following this, a composite cylindri-
cal panel experiences snap through under a uniform deformation-
dependentpressure load. In the final example, the thermal postbuck-
ling of a compositeplateis analyzed. Although the commercial code
ABAQUS is used in validating some of the results, note that the cur-
rent versionof ABAQUS [ABAQUS/standard version 5.8 (Ref. 56)]
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Fig.2 Tip rotation of a linear viscoelastic cantilever subjected to a tip
moment; inset shows time histories of applied tip moment.

is unable to handle the small or large deformations of viscoelastic
composites.

Cantilever Under Tip Moment

The beam is 10.0 m long with a 1.0 X 0.1 m rectangular cross
section. The relaxationmodulus for the isotropic cantileveris taken
to be

E(t) = E(0)[0.5 + 0.5 exp(—1/6)] (63)

where ¢ is in minutes. The initial modulus E(0) is taken to be
1.2 X 10% Pa. To model the structure as a beam using a shell el-
ement that assumes a state of plane stress, Poisson’s ratio is set to
zero. This results in the bending stress being related to the bending
strain history through E(t).

Two time histories of tip moment with the following time varia-
tions are applied.

Case I:

M(t) = 10007z sin(¢/3)[1 —u(t —37)]N-m (64)
Case II:

M(t) = 10007 {sin(¢/3)[1 — u(t — 1.57)] + u(t — 1.57)}N -m
(65)

where ¢ is in minutes and u(?) is the unit step function. The time
histories of M for cases I and II are shown in an inset in Fig. 2.

The exact solution for this example can be developed as follows.
For an elastic beam, the radius of curvature R is given by

VR =M/EL=v./[1+0.07]} (66)

where M is the internal bending moment, E is the elastic modulus,
I is the area moment of inertia, v is the transverse deflection, and
subscript x representsd(-)/dx. For a cantileverunder a tip moment,
the bending moment is constant throughout the beam and equal to
the applied tip moment. Thus, the cantilever has a constant curva-
ture. Also, in standard Euler-Bernoulli beam theory, the neutral axis
does not exhibit strain. Hence, under any applied tip moment, the
cantilever being studied here has a constant midplane length. This
means that the angle 6 subtended by the midplane of the elastic
cantilever under tip moment M is given by

0 =L/R=ML/EI (67)

Equivalently,0 is the angle of rotation at the tip of the cantilever. The
linear viscoelastic solution is developed using the correspondence
principle,*® which gives 0 for the linear viscoelastic cantilever as

0 =LY {ML/SET) (68)
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Fig.3 Original and deformed TVATDKT-NL meshes at various times
for a linear viscoelastic cantilever under two time variations of tip
moment.

where L is the Laplace operator, (*) denotes the Laplace transform
of (+), and s is the Laplace variable.

An exception to the rule that finite rotations do not add vectori-
ally occurs when the axes of rotation are parallel>> Thus, the total
rotation O for this problem from the TVATDKT-NL analysis can
be computed by simply adding the incremental rotation values to-
gether. Shown in Fig. 2 are the time histories of 6 for cases I and
IT computed using 40 TVATDKT-NL elements and the correspon-
dence principle. A time step of 0.1 min was used in marching the
TVATDKT-NL finite element solution. Figure 3 shows a side view
of the deflected meshes for both cases of applied tip moment at var-
ious times. For case I, the cantilever has nonzero deflection when
the tip moment returns to zero at # =37 min because of the creep
that has occurred under the applied load history. For case I at large
t, the cantilever has essentially returned to its initial configuration.
For case II after = 1.57 min, the applied tip moment is held con-
stant at 10007 N - m. Hence, for large ¢ in case II, the cantilever
has deformed into a complete circle. The differences between the
finite element and correspondence principle results cannot be dis-
tinguished.

Circular Ring Under External Pressure

The ring radius R is 6.0 in. (0.1524 m), whereas the width b and
thicknessh are 1.0and 0.05in. (0.0254and 0.00127m), respectively.
The ring is composed of acetal resin (an engineering thermoplastic)
with an initial elastic modulus E(0) =410,000 psi (2.82681 GPa),
which corresponds to a temperature of 73°F (22.78°C) (Ref. 57).
Rogers and Lee® fit experimental creep data for the first 600 h
presented by Warriner’’ to a creep compliance D(¢) of

D)

= 1.0 +0.000767 + 1.12[1 — exp(—0.055¢ 69
Do) [1 — exp( N (69)

wheret isinhours. Hence, the creepcomplianceoverthe first 600 h is
represented using a four-parameter fluid model. The corresponding
relaxationmodulus E(¢) can be found using Laplace transforms and
was given by Yang and Lianis'” to be

E(t)/ E(0) =0.46845 exp(—0.00035726r)

+ 0.53155 exp(—0.11700r) (70)

The ring behaves as a curved beam and Poisson’s ratio is set to zero
for the finite element analyses.

The external pressure loading P on the ring at any given time ¢
is of the form

P(0,1) = Py(t)(1 — g cos20) (71)

where 0 is as shown in Fig. 4 and always refers to the original con-
figuration (body-attached pressure load). Results will be computed
for several nonzero values of ¢g.

Exploiting the symmetry about two planes in both the geometry
and the loading, one-fourth of the ring is analyzed using either 40

4

Ring Geometry |

Original
9 A

B

Fig.4 Original and deformed shapes for an elastic ring under nonuni-
form pressure: deformed ring shapes computed using 40 TVATDKT-NL
elements shown for nondimensional load level near PobR3/EI = 3.4.
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Fig.5 Elasticload-deflection behavior of a ring under various nonuni-
form pressure loads [P(0) = Py(1 — g cos26)].

TVATDKT-NL elements or 20 S4R elements of ABAQUS.>® Ele-

ment S4R is a four-node, doubly curved, quadrilateral shell element

with six DOF per node. The following symmetry boundary condi-

tions are used at points A and B which are indicated in Fig. 4.
Point A:

u =0, 0, =0,=0 (72)
Point B:
w =0, 0, =0,=0 (73)

where u, v, and w are the deflections in the x, y, and z directions;
and 6., 0,, and 0, are the corresponding rotations about the x, y,
and z axes. To prevent rigid-body motion in the y direction, v is
restrained at point A. For all finite element analyses, the follower
effects of the pressure load are taken into account.

The nondimensionalload-deflection paths for the elastic case are
shown in Fig. 5. Here the load parameter is taken as F;, whereas
the deflection is taken as w . The TVATDKT-NL and S4R results
match very well. This elastic problem (including the follower effects
of the pressureloading) was analyzed by Seide and Jamjoom® using
numerical methods. As indicated in Ref. 59, bifurcation buckling
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Fig. 6 Viscoelastic response of a ring under various nonuniform pres-
sure loads.

occurs for the case of uniform pressure (¢ =0) at a nondimensional
load level of PybR3*/EI =3.0, where I is the area moment of in-
ertia (I =bh*/12). The effect of small nonzero q is to add a small
imperfection in the loading so that a path very close to the bifurca-
tion path is traced without the need for a bifurcation analysis to be
performed. The original shape and the deformed elastic ring shapes
near PybR3/ EI =3.4 for various values of g are shown in Fig. 4.

For viscoelasticanalysis, the pressure magnitude Py () is ramped
from zero to P, over the first hour, then held constant for another
300 h, after which it is ramped back to zero over 1 h, and thereafter
remains zero. A single value of P,, which is given as follows, is
used:

Py = 1.7[E(0)I/bR?] (74)

The viscoelastic results produced using the TVATDKT-NL and
S4R elements are shown in Fig. 6. For the TVATDKT-NL finite
element analysis, the time step size was 0.025 h during loading
and unloading and 0.25 h during all other times. Reducing the time
step by a factor of two and using 80 elements did not significantly
change the TVATDKT-NL results for the case where ¢ =0.001. For
this case, the deflection remains small for approximately the first
130 h, after which it increases at a substantially higher rate. There-
fore, a delayed buckling due to creep is indicated, with the critical
time for buckling estimated as 130 h. For the case where ¢ =1.0,
the analysis was terminated when w, =—R, which indicates that
contact between point A and the point opposite to it has occurred.
For the other cases, Fig. 6 indicates that the structure recovers a
significant portion of its viscoelasticresponse during and after load
removal.

Pinned-Pinned Column Under Axial Load

The column is 3.0 m long with a 0.3 X 0.03 m cross section. The
relaxation modulus is the same as that used for the cantilever under
a tip moment discussed earlier. The applied compressive axial load
is P.

For elasticanalysis, the stability of a perfectcolumnis determined
by examining the evolution of the lowest eigenvalue of the tangent
stiffness matrix. Here, 40 TVATDKT-NL elements are used. The
critical point using a Young’s modulus £ = E(0) is determined as
P, =88.9268 N, which agrees well with the value of 88.8264 N
computed using the classical Euler buckling load formula for a
pinned-pinned column given by

P, =n*EI/L? (75)

where [ is the area moment of inertia and L is the column length.
For an elastic column with £ = E(o), P, is determined to be
44.4634and44.4132N from the finite elementanalysisand Eq. (75),
respectively.
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Fig.7 Elastic load-deflection paths for a pinned-pinned column under
axialload; TVATDKT-NL results computed using an initialimperfection
amplitude of 7.5311 X 10~ % m; also elastica solutions of Timoshenko
and Gere® for a geometrically perfect, inextensible structure.

The elastic bifurcation problem can be studied without using
any special bifurcation procedures incorporated in the TVATDKT-
NL code by superimposing an initial imperfection onto the perfect
structure. This imperfection is taken to be a small multiplicative
constanttimes the eigenvectorcorrespondingto the zero eigenvalue
computed at the critical point of the perfect elastic structure using
E =E(0). It is well known that for a geometrically perfect, elastic
pinned-pinned column, the first buckling mode is simply a half-
sine wave, regardless of the value of E. The computed eigenvector
shape agreed well with this. Shown in Fig. 7 are the load-deflection
paths for the elastic case using both the initial and final values of
the viscoelastic relaxation modulus. The imperfection is scaled to
have a maximum magnitude of 7.5311 X 10~ m. The column de-
flection is characterized by the midpoint transverse deflection v ;4
for the load-deflection curves. Also shown in Fig. 7 are the results
computed using the elastica solution of Timoshenko and Gere,®
which assumes an inextensible perfect column. The present results
with small initial imperfection approach those of Timoshenko and
Gere, as expected.

The stability of the viscoelasticcolumn is determined by examin-
ing whether a small transversedeflection grows large or not with an
axial load applied. Instability in such a case is commonly referred
to as creep buckling. The small transverse deflection may either be
introduced as an initial imperfection in the geometry or by apply-
ing a small sinusoidally varying distributed transverse load. For the
present analysis, an initial imperfection is added to the column be-
fore the axial load is applied. This imperfection is once again taken
to be a small factor times the lowest eigenvector computed at the
critical point of the elastic analysis with E = E(0).

The time histories of viscoelastic deflection are computed for a
range of axial loads. In each case, the axial load is applied as a creep
load at t =0, that is, the load is applied suddenly at # =0 and then
held constant. However, for clarity only a few representativeresults
are shown in Fig. 8. These results, computed using 40 TVATDKT-
NL elements and a time step of 1.0 min, are taken to be converged
because using 80 elements with a time step of 0.1 min did not sig-
nificantly alter the results for P =50 N. Although the axial load
is applied as a creep load at =0 in each case, the time required
to reach the final deformation state depends on the applied load
level. This arises because the bending moment throughoutthe beam
caused by the axial load is dependent on the transverse deflection
of the beam. Furthermore, the transverse deformation depends on
the applied loading and the initial imperfection. Hence, the internal
bending moment in the column is time dependent. The final values
of vi,iq from the viscoelastic analyses match those computed using
the long-term modulus value in the elastic analysis of the imperfect
column.



2314 HAMMERAND AND KAPANIA

12 P-70N
[ 60 N
N
o8l 50 N
e [
< 06fF
- 06
E -
> |
0.4_—
- 45N
0z 44.41 N
[ 44N
0 T = 1 40N
0 1 2 3

log, [t (min) ]

Fig. 8 Time histories of midpoint transverse deflection, v;y;q, for var-
ious values of axial load P using an initial imperfection amplitude of
7.5311 X 10~ 4 m.
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Fig.9 Stability curves of a viscoelastic column for two levels of initial
imperfection; # is the time required to reach vy, = 0.2 m under axial
load P, applied as a creep load at¢=0.

The creep buckling stability of the column can be characterized
by Vg remaining below a given level for a given loading and time
duration. Either the loading or time duration of interest is selected,
and then the safe time ?, or the safe load level P, is determined.
Here, for demonstrative purposes, the viscoelastic deformation will
be taken to be acceptableif v;4 < 0.2 m. The time for v ;4 to reach
0.2 mis plotted againstthe axial load in Fig. 9. Results are shown for
two initial imperfection magnitudes. For an imperfectionmagnitude
of 7.5311 X 10™* m, the stability curve is computed using 40 data
points, whereas only seven points are used for the 3.7646 X 10™* m
imperfection case. The two stability curves shown in Fig. 9 ex-
hibit similar trends. Below an axial load of about45 N, the structure
remains safe for all times. For loads above this, the safe time ¢ is de-
termined by examining Fig. 9. Note that for loads slightly above the
initial elasticbucklingload, the viscoelasticcolumn becomes unsafe
nearly instantaneously.For relatively large loads, the critical time is
not affected significantly by the magnitude of the initial imperfec-
tion. However, for loads approaching the final elastic buckling load
from above, the safe time 7, computed for a given load P; is signifi-
cantly affected by the imperfection magnitude, because the stability
curve there becomes horizontalin nature. On the other hand, the safe
load P; for a chosen time period f; is affected less by the imperfec-
tion magnitude,even for loads approachingthe final elastic buckling

load level. The safe load level for which the viscoelastic deflections
will remain safe for all time ¢ for this well-behaved geometrically
nonlinear example could have been determined by examining the
elastic load-deflection paths computed using the final value of the
viscoelastic relaxation modulus.

Cylindrical Panel Under Uniform Pressure

The length of the panelis 80.0in. (2.032 m). The radius associated
with the curvature of the panel is 100.0 in. (2.54 m), and the panel
half-angle is 12 deg, corresponding to an arc length of 41.89 in.
(1.064 m) for the two curved panel sides. The panel is taken to be
supported on all edges by vertical diaphragms that are rigid in their
own planes but perfectly flexible otherwise.

The composite panel is composed of four layers of GY70/339
graphite-epoxy with a symmetric cross-ply stacking sequence of
[0/90],. Each layeris 0.08 in. (2.032 X 10~ m) thick, which gives
a total laminate thickness of 0.32 in. (8.128 X 10~2 m). The initial
elastic properties are taken from Ref. 3 and are as follows:

E, =42.0 Msi (289.58 GPa), G>(0) =0.6 Msi (4.1368 GPa)

E,(0) =0.88 Msi (6.0673 GPa), v, =0.31 (76)
Here E; is taken to be fiber dominated and, therefore, constant in
time. The major Poisson’s ratio v, is taken to be constant in com-
puting the reduced stiffnesses Q- Q4. By using these assumptions
and also treating v,; as constant in time, Q; will be constant in
time. This is an acceptable approximationbecause Q; is fiber dom-
inated. The viscoelastic time variation for the other three reduced
stiffnesses is of the following form:

0,1) =0,(0)f(t)  forr=23,4 an

where

10
f) = fy + Z fi exp(—%) (78)

i=1

The components of the normalized viscoelastic time variation f ()
are given in Ref. 16. The panel is taken to be in a hygrothermal
environment with a temperature of 151°F (66.11°C) and a moisture
level of 0.1%. The horizontal shift factor corresponding to these en-
vironmental conditions is 10~ as taken from Ref. 2. Furthermore,
the panel is assumed to be free of hygrothermal strains in this envi-
ronment.

Because of the cross-ply stacking sequence and the double sym-
metry in the geometry, boundary conditions, and loading, the panel
response can be analyzed using one-fourth of the panel with proper
symmetry conditions enforced on two edges. The deformation-
dependent pressure loading of magnitude P, is applied pointing
toward the center of curvature of the panel (external pressure). The
load-deflection curve for the elastic case using the initial material
properties given in Eq. (76) is shown in Fig. 10, where w4 is
the midpoint transverse deflection. The present results using 288
ATDKT-NL elements appear to agree fairly well with the results
produced using 144 S4R elements. The mesh sizes are sufficient
for accurate calculations because using either 512 ATDKT-NL or
256 S4R elements did not significantly change either set of results.
Note that the modified Riks method (see Ref. 51) has been used
with the ATDKT-NL and S4R analyses to trace the entire load-
deflection path. Note that when the panel snaps, it does not snap
to an inverted position because of the applied boundary conditions.
Although snap through is truly a dynamic event, it has been in-
ferred based on the static load-deflection behavior. The limit load is
calculated to be 1.2942 psi (8.9231 X 10° Pa). Checks for possible
bifurcation buckling are not included in the present analysis.

As shown in Fig. 10, the static elastic load-deflection can be par-
tially traced using the TVATDKT-NL code, which uses load-control
with the time ¢ taken as the load-proportionalityfactor. Because the
tangent stiffness matrix is singular at the limit point, the limit load
cannot be both found exactly and bypassed in a single run using
load control. To jump from a point just below the limit load to a sta-
ble static equilibrium point with higher load value, the incremental
values of the load proportionality factor # must be chosen carefully.
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Fig. 10 Elastic load-deflection path (using the initial viscoelastic
material properties) for a composite cylindrical panel under uniform
pressure.

P,=1.26 psi
2.5 111 psi
I i
°r 0.86 psi
i 0.75 psi
£ '°r
\-../g |
E |
= |
05
£ I - | I 1 I IR
5 0 5 10

log,,[ t(sec) ]

Fig.11 Time histories of center point deflection for a viscoelastic com-
posite cylindrical panel under various values of step pressure load.

This jump in the results using 288 TVATDKT-NL elements is indi-
cated in Fig. 10 by the nearly horizontal line in the middle of the
load-deflection curve.

For viscoelastic analysis, the applied pressure is ramped from 0
to Py over the first 1077 s and held constant thereafter. A time step
of At =107% s (A{ =107* s) is used during load ramp-up. After
ramp-up, the reduced time step increases as a geometric series as
follows:

AGP = AL ()P (79

The time histories of viscoelastic center point deflection for various
final magnitudes P, of applied pressure are shown in Fig. 11, using
A& =6000s (A1° =0.6 s) and r = 1.08 with 288 TVATDKT-NL
elements. Using a time step approximately one order of magnitude
smallerforall? (r =1.007)didnotsignificantly alter the viscoelastic
results for P, =1.11 psi (7.6531 X 10° Pa). For the cases exhibiting
delayed snap through, the deflection magnitude increases at a finite
rate until viscoelastic snap through occurs, which is indicated by a
vertical tangent for the deflection vs time curve. Near viscoelastic
snap through, the time step size is reduced in determining the snap
through point. Once again, the critical point for snap through is not
found exactly in the single-run results shown in Fig. 11 because

~ 1
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Fig. 12 Step pressure magnitude Py vs critical time #; to viscoelastic
snap through for a composite cylindrical panel.

|
A

the analysisis unable to convergeright at the limit point, regardless
of what size time step is used. After snap through, the viscoelastic
deflection then continues to increase.

As can be observed from Fig. 11, the viscoelastic structure will
exhibit snapping for a range of loads, if those loads are applied for
a sufficiently long time. The lower limit on P, for which viscoelas-
tic snap through will occur is found to be approximately 0.86 psi
(5.92940 %X 10° Pa). Note, that for P, values below this, the deflec-
tion may still grow to be relatively large, even though snap through
does not occur. The time t,, of snap through is plotted against P,
in Fig. 12. For Py >1.2942 psi (8.9231 X 10° Pa), the viscoelastic
panel snaps at the instant the pressure magnitudereaches 1.2942 psi.

A check on the critical time computed for viscoelastic snap-
through is performed using the quasi-elastic method.* Here, the
quasi-elastic approximation for the viscoelastic deflection for a
given time ¢” is computed using a fictitious elastic reduced stiffness
matrix [Q¢] equal to [C(&?)]™!, where [C(&P)] is the matrix of
transformed reduced creep compliances. Note that [Q ;(£”)] is not
exactlyequalto [ @(&”)] because[C(&)]and [O(&)] are notinverses
of one another except for § =0 and oo . Although the quasi-elastic
method is more suited to situations where a closed-formsolutionex-
ists, it can be implemented using a numerical technique, such as the
finite element method. To use a quasi-elasticfinite elementapproach
to determine the time history of viscoelasticdeformation,a separate
finite element analysis must be performed for each discrete time
considered. Also, note that in the case of nonlinear deformations
where more than one quasi-elasticdeformation state correspondsto
a given load magnitude, the correct quasi-elastic deformation state
can be determined from knowledge of the previous viscoelastic de-
formations.

Here, the applied pressureloadingis ramped up overan extremely
short time such that the pressure loading is applied essentially as a
creep load at r =0. For this nonlinear problem, the direction of the
pressure loading changes as time evolves. However, this change is
very gradual at all times except that correspondingto snap through.
Hence, the computed critical time for viscoelasticsnap through can
be checked by determining the elastic load-deflection path with
material properties corresponding to [ Q £(¢,)], where & is the re-
duced time corresponding to f,. The predicted elastic limit load
should then match the applied creep load magnitude used in the
viscoelastic analysis.

Shown in Fig. 13 are the elastic load-deflection curves corre-
sponding to several values of #,. Horizontal lines corresponding to
the pressure magnitudes Py causing viscoelastic snap through at
t =t are also shown. The computed elastic limit loads are in good
agreement with the applied loads used in the viscoelastic analysis,
indicatingthat the predicted times f, for the viscoelasticanalysesare
accurate. Note that the severity of the snap through decreases as f,
increases, until a snap through is no longer indicated. This decrease
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Fig.13 Elasticload-deflection pathsusing creep complianceproperties
corresponding to time #;: horizontal lines correspond to the load levels
Py necessary to cause snapping at ¢; as predicted by the viscoelastic
TVATDKT-NL analyses.

in snap through severity is also indicated in Fig. 11. For extremely
large times, the agreement between the ATDKT-NL and S4R elas-
tic load-deflection curves decreases, likely because of the growing
importance of transverse shear effects, which are included in the
S4R formulation but not in the ATDKT-NL formulation. Hence,
the TVATDKT-NL formulation (which reduces to the ATDKT-NL
formulation in the elastic case) is likely to be slightly in error for
extremely large times.

Although not presented here, similar types of viscoelasticresults
were obtained for an isotropic hinged cylindrical panel undergoing
snap through under the action of a centrally applied point force.*!
For thatexample, the TVATDKT-NL viscoelasticresults were found
to be in good agreement with viscoelastic results produced using
element S4R of ABAQUS.%¢

Thermal Postbuckling of an Antisymmetric Angle-Ply Plate

The plate is square with a side length L equal to 50 in. (1.27 m).
The plate edges are parallel to the global x and y directions. The
pinned boundary conditions are as follows:
=0

x=0,L: u=w=0 and M, =N,

y

y=0,L: v=w=0 and M, =N, =0 (80)
The plate has an antisymmetric stacking sequence of [+£45],. Each
of the four layers has a thickness of 0.05 in. (1.27 X 10™* m), which
gives a total laminate thickness of 0.2 in. (5.08 X 1073 m).

The plate is composed of T300/934 graphite-epoxy with the fol-
lowing viscoelastic material properties at t =0 taken from Flaggs
and Crossman®:

E, =21 Msi (144.79 GPa), E, =1.5Msi(10.342 GPa)

o, =0.05 X 107%/°F (9 X1078/°C)
G, =0.7 Msi (4.8263 GPa), Vi, =0.29
o, =16.5 X 107%/°F (2.97 X 107%/°C) (81)

Because Q) is taken to be fiber-dominated, it will be treated as
constant in time. The other three Q, have the same normalized
viscoelastic time variation and are given by

N
0,(1) = QO f(1) = 0, (O] fo + Y fiexp <_/1L>

i=1

forr =2,3,4 (82)

Table1 Prony series coefficients and time constants for
T300/934 graphite-epoxy

i fz /‘Ll‘, S
1.78398 X 10! —
4.96164 X 1072 5.21100 X 107
4.91345 x 1072 2.06800 X 10*
5.29998 X 1072 1.07785 X 10°
5.21760 X 1072 2.32300 X 107

1.67441 X 10°
3.24064 X 10'°

8.50296 X 1072
5.97267 X 1072

N=leIEN le Y A I )

1.56990 X 10! 1.69677 X 1012
9.69593 X 1072 5.14749 X 103
2.18970 X 107! 1.49240 X 10"

Table 2 Horizontal shift factors
for T300/934 graphite-epoxy in an
environment with 0.14% moisture

T,°F T,°C logol Az il
77 25 0

122 50 -2.1176
167 75 —4.5647
212 100 —6.3529
257 125 -8.2353
302 150 ~10.0706
347 175 -12

Using ABAQUS, 3 a nine-term (N =9) Prony series is fit to experi-
mental data for T300/934 presented by Crossman et al.> The Prony
series components are given in Table 1. The plate is assumed to be
freeof hygrothermalstrainsin an environment with 0.14% moisture.
The viscoelastic matrix is assumed to be hygrothermorheologrally
simple. The horizontalshift factor A, is taken to be the same for Q,-
Q, and is subsequentlydenoted by Ay . The values forlog;,[ A7y ]
taken from Crossman et al.” are presentedin Table 2. The horizontal
shift factors for intermediate temperatures are determined using a
linear interpolation for log,,[ A7y ].

The viscoelastic plate is subjected to a range of thermal loads. In
each case, the plateis initially free of thermal strains ata temperature
T; of 77°F (25°C). The temperature is ramped up using a linear
variation from 77°F to its final temperature T, over the first 1077 s
and then held constant. Hence, the thermal load AT =T, — T; is
applied almost instantaneously. Here, only integer values of AT
are considered. During ramp-up, the time step Az is chosen to be
1077/ AT, giving an increase of 1°F (5/9°C) in each increment.
During this period, the change in reduced time ¢ is determined as>®

a¢r = ({[1/Aru ()] = [t/ Arun(T?~H]}

[ (A (TP ™) =t Ary (T?))) At? (83)

After ramp-up, the time step size is chosen to be
At = 100(r)” ATH(Tf) S (84)

where r is the time step size ratio between consecutive increments.

A geometrically perfect, elastic, antisymmetric angle-ply plate
with the boundary conditions given in Eq. (80) undergoes zero de-
formation under a uniform thermal load until the bifurcation point
for thermal buckling is reached 523 The elastic load-deflection path
is determined by first finding the bifurcation point that corresponds
to a singular tangent stiffness matrix. Next, the eigenvector cor-
responding to the zero eigenvalue is determined. A small constant
times this eigenvectoris then introducedas an initial imperfectionin
the plate geometry, and the analysis is started over. The viscoelastic
plates are also analyzed using this initial imperfection.

An approximate viscoelastic solution can be determined using
the quasi-elastic approach described by Schapery*® Both the quasi-
elasticand viscoelasticresultsare computedusing a uniformmesh of
512 TVATDKT-NL elements. For the viscoelasticanalysis,r =1.08
is used in Eq. (84) to determine the time step. Using a finer mesh
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Fig. 14 Thin viscoelastic [+ 45], plate under uniform thermal load
applied nearly instantaneously at =0 and then held constant; small
initial imperfection is used in both the quasi-elastic and viscoelastic
analyses (AT =Ty - T; and T; = 77°F).

0

of 1152 elements and a time step approximately one order of mag-
nitude smaller for all # (r =1.007) did not significantly change the
viscoelastic results for AT =100°F (37.78°C).

Shown in Fig. 14 are the quasi-elasticload-deflection paths using
elastic properties corresponding to the viscoelastic relaxation mod-
uli at various values of reduced times. Here w,,;4 denotes the trans-
verse deflection at the plate center. Results computed at other values
of reduced time are not shown for clarity in Fig. 14. In each case, the
critical buckling mode consisted of a single half-sine wave in the
x and y directions. The initial imperfection used in each case has
a maximum magnitude of 2.48877 X 10™* in. (6.3215 X 107® m).
Also shown in Fig. 14 are the load-deflection pairs computed using
viscoelastic finite element analysis. Note that { =0 viscoelasticre-
sults are actually the viscoelasticresults after load ramp-up, that is,
the ¢ for the initial viscoelastic results is not exactly zero, but still
relatively very small. Also, the § =00 viscoelasticresults are actu-
ally near-equilibrium results computed at reduced times less than
infinity. The mode shape of viscoelastic deformation for each value
of AT considered remained a single half-sine wave in the x and y
directions for all times. Note that Fig. 14 does not show how the
viscoelastic deformation would vary with changes in AT applied
at a given time. Rather, for the viscoelastic case, the curves shown
in Fig. 14 can be used together to determine how the viscoelastic
deformation varies with time for a range of load levels, where the
thermal load in each case is applied nearly instantaneouslyat t =0
and then held constant. Also, recall that the physical time ¢ cor-
responding to a given reduced time ¢ depends on the temperature
history.

The bifurcationtemperatureis observedto increaseas largertimes
are used in the quasi-elastic analysis. This counterintuitive result
is explained by noting that the compressive forces caused by the
thermal load decrease because of viscoelastic relaxation, which is
reflected in the quasi-elastic analysis by the use of degraded Q,-
Q4 properties. In each quasi-elastic case, the bifurcation tempera-
ture computed using the TVATDKT-NL code agreed well with that
computed using the formula neglecting transverse shear effects pre-
sented by Tauchert®® The bifurcationtemperatureatz =0 computed
using both Tauchert’s closed-form solution®® and the finite element
code is 15.42°F (—=9.21°C), whereas the final bifurcation tempera-
ture is computed to be 68.07°F (20.04°C) and 68.09°F (20.05°C)
from the closed-form solution®® and the TVATDKT-NL analysis,
respectively.

The time histories of deformation computed using the viscoelas-
tic and quasi-elastic finite element analyses are shown in Fig. 15
for several values of thermal load. The decrease in viscoelastic de-

i ~ A
0.35F
0.3F
0.25}F
£
= o0.2F o _
- R R AT = 85°F: Viscoelastic
;E B ——— AT = 70°F: Viscoelastic
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- O AT = 65°F: Quasi-elastic
01 O AT = 70°F: Quasi-elastic
i A AT = 75°F: Quasi-elastic
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Fig. 15 Time history of viscoelastic midpoint transverse deflection of
thin antisymmetric panel under various values of thermal load com-
puted using viscoelastic and quasi-elastic TVATDKT-NL analyses; small
initialimperfection is used in both the quasi-elasticand viscoelastic anal-
yses (AT =Ty - T; and T; =77°F).

formation as time evolves is also explained by the relaxation of the
compressive force resultants caused by the imposed thermal strains
and boundary conditions. Note that as 7, increases in magnitude,
the time to reach the long-term equilibrium state decreases. This
occurs because of the speed-up of the viscoelasticresponse with in-
creasing Ty as incorporated through the hygrothermorheologically
simple postulatemade for the matrix material. By examiningFig. 14,
it should be apparent that if the viscoelastic deflections for various
values of AT were plotted vs reduced time & as opposed to physical
time 7 in Fig. 15, the various deflection curves would not cross over
each other as shown in Fig. 15. From Figs. 14 and 15, it is clear
that for thermal loads below the final critical AT value of 68.09°F,
the final viscoelasticdeformationis essentially zero. The agreement
between the quasi-elasticand viscoelasticresults appears to be very
good, because the stress resultants and deformations change slowly
with time and a single mode of viscoelastic deformation occurs for
this well-behaved, geometrically nonlinear example.

Summary

A thin shell element for the large-deformation analysis of linear
viscoelastic laminated composites has been presented. The triangu-
lar flat shell element is obtained as the superposition of the DKT
plate bending element and a membrane element having the same
nodal DOF as the AT, which result in six DOF at each corner node
and a total of 18 DOF for the element. The materialis modeled as be-
ing hygrothermorheologiclly simple. Exponentialseries are used to
represent the linear viscoelasticrelaxation moduli. The incremental
stresses over a time step are divided into parts corresponding to the
incremental strains and the viscoelasticmemory loads. These mem-
ory loads are updated at the end of an increment using recursion
relations involving the preceding memory load values and terms
corresponding to the incremental strains that were just converged.
The viscoelastic tangent stiffness matrix is similar to that occurring
in the elastic case, but with the usual [A; B; D] matrices replaced
by matrices that account for the relaxation over the current time
step of the portion of the stresses caused by the current incremental
strains.

The large deformations and stability of linear elastic and vis-
coelasticstructures were examined. Examples were presented where
viscoelastic buckling or snap through was observed to occur at a
range of critical times for a range of applied load magnitudes. The
critical time to buckling or snap through increased as the magni-
tude of the applied load decreased. For situations where a geomet-
rically perfect elastic structure would undergo bifurcation buckling
with no prebuckling deformation, it was necessary to add either an
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imperfection in the loading or geometry to study the stability of a
similar viscoelastic structure using a full viscoelastic analysis. The
critical time for instability of viscoelastic structures is, of course,
affected by the size of the imperfection. Hence, for the analysis of
nonacademic problems, the imposed imperfection must be chosen
carefully, based on the expected imperfections that would occur in
the geometry and loading of the actual structure.

The quasi-elastic approach provides a convenient way to assess
the accuracy of a full viscoelastic analysis when other results (an-
alytical, numerical, or experimental) are unavailable. Although not
shown here, it is well known that the quasi-elastic method provides
sufficient accuracy only in situations where the viscoelastic relax-
ation moduli (or creep compliances), the stress resultants, and the
deformations all vary slowly with time. Note that to determine the
deflectionhistory of complex viscoelasticstructures,a numerical ap-
proach, such as the finite element method, must be used. However,
for finite element analysis, it is more cumbersome to use a quasi-
elastic approach than a full viscoelastic approach to determine the
complete time history of viscoelastic deflection, especially in the
case of large deformations.
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